We investigate the force between plasmonic nanoparticle and highly excited two-level system (molecule). Usually van der Waals force between nanoscale electrically neutral systems is monotonic and attractive at moderate and larger distances and repulsive at small distances. In our system, the van der Waals force acting on molecule has optical nature. At moderate distances it is attractive as usual but its strength highly increases in a narrow distance ranges ("lacunas"). We show that quantum fluctuations of (quasi)continuum of multipole plasmons of high, nearly infinite degree altogether form effective environment and determine the interaction force while their spectral peculiarities stand behind the large and narrow lacunas in force. We solve exactly the Hamiltonian problem and discuss the role of the dissipation.
I. INTRODUCTION
The plasmon resonance is the collective oscillation of electrons in a solid or liquid. Recent progress in understanding plasmon-phenomena at nanoscales have shown that plasmon-assisted Raman-spectroscopy of molecular and biological systems may strongly, by orders of magnitude, increase the resolution and signal strength.
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Plasmon-enhancement effects have been seen in magnetooptics, 5 optoelectronics, 6-11 scanning near-field optical microscopy 12, 13 and optomechanics. [14] [15] [16] Apart from optics and spectroscopy there is important question about stresses that plasmons induce on quantum objects nearby. Here we focus on the traditional system for quantum plasmonics: molecule interacting with the plasmonic nanoparticle. Neutral nanoparticles and/or molecules in vacuum attract each other at moderate distances ("van der Waals forces") and repel each other at close "atom-size" range. 17 We show that quantum interaction between a molecule (or a quantum dot) and nanoparticle lead to the origin of deep and sharp attractive wells (lacunas) in the interaction force. There is more or less universal multidisciplinary paradigm, that physical effects related to multipoles of high degree should be likely small. However here not a single multipole but the quasicontinuum of multipoles of nearly infinite degree altogether form effective environment and stand behind the interaction force itself and the nature of its fitches.
We consider below one of the simplest system where the effect of nonmonotonic Van-der-Waals (VW) force can be demonstrated: It consists of nearly spherical metallic nanoparticle (NP) and the two level system (TLS) represented by a molecule or a quantum dot, like in Fig. 1 . We suppose that molecule is excited by interaction with external field or with other molecules. TLS interacts with the modes of plasmonic nanoparticle through the quantum fluctuations of its dipole moment. Such quantum system, excited molecules and the plasmonic nanostructure, are usual for the near-field microscopes where the the plasmonic nanostructure is placed at needle of the Scanning Plasmon Near-Field Microscope.
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The interaction of the TLS and nanoparticle is related to quantum fluctuations of electromagnetic field. So it is natural that the interaction strength appears to be governed by the dimensionless parameter α proportional to the nondiagonal matrix element of TLS dipole moment, d eg , where "g" denotes the ground state and "e" denotes the excited state, see Fig. 1 . The natural normalization energy parameters of the problem in hand are the plasma frequency ω pl and the TLS level spacing, ω TLS . Here ω pl ∼ ω TLS . The natural length unit is the radius a of the nanoparticle. We will show below that α = |deg| 2 2ω pl a 3 . We find analytically the quantum state Ψ(t) of the system, TLS+NP, and calculate the force acting on the TLS from NP. The formation of the deep wells in the interaction force F is illustrated in Fig. 1 . The wells form near the interface of the nanoparticle and they are the most pronounced for α 1. We show below that small α is natural for the typical system of TLS and nanoparticle recently investigated experimentally.
Dipole plasmons primarily contribute the VW-force at large distances, r a, where F ∼ α ω TLS a 6 /r 7 . Extrapolating F naively to moderate distances one would get the estimate for the force, ∼ α ω TLS /a. However exact calculation including quantum fluctuations of plasmon quasicontinuum gives much larger actual value for the force enhanced by the "giant" factor 1/α 1, so F ∼ ω TLS /a as follows from Fig. 1 . Moreover, in the bottom of the dip the force is further enhanced up to the order of magnitude (the width of the dip scales as α 1/3 [27] [28] [29] [30] In our problem multipole plasmon modes play the key role. There is dependence of the interaction strength between plasmonic modes and TLS dipole moment on the distance between NP and TLS. Therefore the effective frequency of the system (TLS+NP) oscillation also will depend on the distance. Note that there is a relatively large gap between lower plasmonic modes (e.g. dipole, quadrupole) and it becomes smaller and smaller for higher modes Fig. 2 . Then it will be rather natural if the effective frequency coincides with the frequency of these lower modes. In this case we will have a "collective resonance" and the dip in the effective interaction potential.
The paper is organised as follows: In Sec. II we define the model and solve the Hamiltonian simplified problem. In Sec. III we discuss the applicability of the model, especially the dissipation effects and the possibility of experimental realisation of our predictions. In Appendix we move some technical issues related to the derivation of the force at finite detuning.
II. INTERACTION BETWEEN MOLECULE AND MULTIPOLE PLASMONIC MODES

A. Hamiltonian
Electric field near the nanoparticle can be found generally in the quasistatic approximation using the multipole expansion over the spherical harmonics Y lm (ϕ, θ), 31 where ϕ and θ are angles of the spherical coordinates while the integers: l = 0, 1, . . . is the order of a spherical function and −l ≤ m ≤ l. Then we get multipole components of electric field for the spherical nanoparti- cle:
, where a is the radius of the nanoparticle. Here ω l is the plasmon resonance frequency in the l-th mode. Within the Drude model:
, where ω pl is the plasma frequency of the nanoparticle material, see, e.g., Ref.
19,31 for a review. Important property of this expression is the condensation of the plasmon modes 32 near the point,
We focuss below on the case when the TLS transition frequency, ω TLS , falls into the quasicontinuum of the plasmon modes near ω c . It should be noted that the condensation point is present in the plasmon spectrum of nanoparticles with general form. Finally, we can write the electric field operator: 
B.
Admissible parameter range
Now we discuss the limitations for α. For typical quantum dots and plasmonic nanoparticles, µ = 20 Debye 35 and ω pl = 1.370 · 10 16 Hz for gold particles (ω pl = 1.366 · 10
16 Hz for silver ones 36 ). So α 1. We neglect here radiation to free space. It is valid when the interaction constant between plasmonic modes and TLS is much larger than the radiation rate into free space. E.g. γ rad
. Since γ rad = 10 11 s −1 , this gives the lower limitation: α 10 −5 . We discuss parameter values with more details in Sec. III.
C. Solution of the Hamiltonian-problem
The HamiltonianĤ =Ĥ TLS +Ĥ NP +V , where ω l ≡ ω l,m=0 . We will search the solution of the Shrödinger equation with the HamiltonianĤ in the form: Ψ (t) = A (t) e −iω TLS t |e, 0 + l B l (t) e −iω l t |g, 1 l with the initial condition,Ψ (t = 0) = |e, 0 . [It is worth mentioning that Ψ(t) corresponds to the entangled plasmon-TLS state except the initial time t = 0.] Taking into account that
we get:
where
. For details of these calculations see Appendix A.
D. Interaction force
The interaction force between TLS and nanoparticle is equal to F (r, t) ≡ −∇ rĤ Ψ , where . . . Ψ is averaging over Ψ(t). We can either write the force in terms of the eigne energies E n of the whole HamiltonianĤ, where n label corresponding quantum numbers: F (r, t) = n p n (r, t)∇ r E n (r). Here p n (r, t) is the probability to occupy the state |n : p n = | Ψ|n | 2 . The force F (r, t) quickly oscillates at frequencies of the order of ω pl so we focus on the the time-averaged force. Its graph is shown in Fig. 1b . The main question is the origin of the sharp dip in F (r). To make progress with the explanation we focus on the average TLS-Hamiltonian, E TLS = Ĥ TLS Ψ,t , where the additional subscript t means the average also over time. E TLS has rather simple analytic form, in contrast to the force, and has similar origin nonmonotonic behaviour with distance. So to avoid straightforward but rather cumbersome equations we do the trick: We explain below behaviour of E TLS with r, but all the conclusions apply to the force.
From Eq. (2) follows that
where "res" denotes the residue and the sum is take over all the residues. The time averaged perturbation has similar structure,
Here implies the sum of the manifold of equal poles of A(ω) and B l (ω) [this manifold reduces to the poles of A(ω) as follows from Eq. (2)]. Accordingly, the time-averaged force,
First we consider asymptotic behavior of E TLS on large distance, ξ = a/r 1. Then the main contribution in the sum of denominator in Eqs. (2)- (3) is given by the term with l = 1, that corresponds to the dipole-dipole interaction. So, the poles of integrand are determined by the equation ω =
, which has the following roots:
The positive pole ω 0 gives the main contribution, see Fig. 3a for illustration. Then for TLS-energy we obtain:
. Here unity, the first term in E TLS , corresponds to the average energy of the free TLS (in units of ω TLS ). The second contribution comes from the interaction with NP. Doing similar with the force (4) we find that at large distance
Dispersion attraction (the London force) includes the in- teraction between the instantaneous and induced dipoles. The energy of this interaction is inversely proportional to the sixth power of the distance between the dipoles. In our case TLS dipole induces plasmon dipole.
Calculating numerically the force, see Fig. 1 , we assumed for simplicity that the transition frequency of the two-level atom coincides with the condensation point of the metal nanoparticle resonance frequencies,
[we did the expansion over 1/2l]. However our conclusions remain qualitatively valid when |ω TLS − ω c | ω pl as we discuss below in Sec. III. This is so since the singular behaviour of Σ(ω) near ω = ∆ l makes the structure of A(ω) poles robust with the respect to the choice of ω TLS − ω c .
E. Nature of lacunas in F (r) and ETLS(r)
As follows from Figs. 4 and 3a, E TLS (ξ = a/r) becomes very nonmonotonic at α 1 and ξ 1. The lacunas in E TLS become more and more pronounced when α decreases. We remind that the same applies for the force. Below we investigate the origin of the lacunas.
Numerical calculations, see Fig. 3 , show that the lacunas in E TLS (ξ = a/r) originate from the anticrossing of the poles at certain ξ-range. For instance, the first well corresponds to the anticrossing of the two lowest negative poles, ω 1 and ω 2 of A(ω), see Eq. (2). The negative poles cross near ω = −1/l, where l = 1, 2, . . .. [Here and below we choose ω pl /4 √ 2 as the unit of the poles.] This is consistent with the structure of Σ(ω, ξ). Our main target are the poles, ω 1 and ω 2 , near the first anticrossing situated at ω ≈ −1. We distinguish in Σ(ω, ξ) two contributions: the most singular term and the smooth one, f (ξ), coming from infinite set of multipoles:
The poles are the roots of, ω − Σ(ω, ξ) = 0. anticrossing:
Note that α 1 so the last term is the perturbation. The sum in the definition of f can be evaluated for ξ → 1 and we find up to constants of the order of one,
At certain ξ 0 slightly below 1, f (ξ 0 ) = 1. We solve (8) near ξ = ξ 0 . Then f (ξ) ≈ 1 + ∆ξ2β, where 2β = ∂ ξ f (ξ)| ξ=ξ0 and ∆ξ = ξ−ξ 0 . Then ω = −1+∆ω. Solving Eq. (8) for ∆ω we get ∆ω 1,2 = β∆ξ ± (β∆ξ) 2 + α 2 .
Finally we find E
TLS that defines the main contribution to s=1,2 A 2 ωs near the first lacuna in E TLS :
Eq. (10) reproduces the lacuna shape if we plot it as the function of ∆ξ. The width of the lacuna is of the order of 1/β ∼ (1 − ξ 0 ) 4 /α. It follows from Eq. (9) that 1 − ξ 0 ∼ α 1/3 . So we find for the lacuna-width: α 1/3 . These estimates agree with numerical calculations. We should emphasize that the key role deriving Eq. (10) played the continuum of multipoles encoded in f (ξ). The same conclusion about the lacunas applies for the force.
III. DISCUSSION
A. Parameter estimates
We estimate the value of the optical force. For optical frequencies 10 15 s −1 and NP with radius a ∼ 30 nm we have F ∼ ω TLS /a ∼ 10 pN. This is of the same order or even slightly larger than in typical optomechanical experiment. 37 We can take much smaller nanoparticle with a 5 nm and obtain much larger force. 
B. The poles, ω l
The poles ω l (up to the constant) are the energy levels ofĤ. In the limiting case r a, ω l coincide with the eigne levels ofĤ 0 =Ĥ TLS +Ĥ NP corresponding to the states |e, n l , n l = 0, 1, while at finite r the equation ω = Σ(ω) reproduces the standard results of the perturbation theory overV . The sharp nonmonotonic behaviour of the force (E TLS ) with the distance we have got due to the nearly degenerate levels that "repel" each-other.
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C. Dissipation effects
We implied above that the system, TLS and NP, is closed. In practise this is not of cause so. Due to quenching effect 38 the damping of the TLS is determined by Joule and radiative losses of excited plasmons in metallic nanoparticle rather than the irradiation into the free space. Due to losses in metal NP surface plasmon lifetime is short. E.g., in a gold NP surface plasmon lives about 10 fs.
39 But these strong radiation losses take place only for large (r¿25nm) particles in dipole mode. However oscillations in our case are connected mostly with the condensation point rather than the dipole mode. So losses in high multipole modes are related with the Joule losses in metal which is at least of the order of magnitude smaller than radiation losses. Then, roughly speaking, we should write in the definition of Σ(ω), see Eq. (2), i/τ l instead of i0, where τ l is the characteristic mode life time.
The heat losses in higher multipole plasmonic mode is 10 12 s −1 while the radiative loss in the dipole mode 10 13 s −1 . That estimate gives us the order of magnitude for τ l=1 and τ l>1 . Another important point: The force oscillation frequency is of the order of ∼ 10 14 s −1 . It should be also noted that the shape of the force dependence is determined by the characteristic value of the poles repulsion which is the order of αω c ≈ 10 14 s −1 . So we may use Hamiltonian without dissipation on short enough time scales. Of course on large time scales our description is not valid. But if there is some pumping acting on quantum dot or electric pumping of nanoparticle with the rate of 10 −12 s we will have the force oscillations during long enough time. Taking into account these estimates we can numerically evaluate the force taking into account the damping times in Σ(ω), see Fig. 5 . We see that the lacunas in the force survive while damping is finite.
It should be noted that formally our approach to take damping introducing finite τ l in Σ(ω) is insufficient. We should, frankly speaking, either add in addition the fluctuating in time quantum sources simulating thermostat into the Schrödinger equation or switch to the density matrix description of our system solving, e.g., Lindblad equations. These program we leave for the forcecoming paper. However our experience with similar models with damping shows that if the effect survives the damping time approximation like we did it would most probably survive within more refined calculations (in the same parameter range).
D. Frequency detuning: nonzero ωTLS − ωc
We investigated above the force in the case of zero detuning, ω TLS − ω c = 0. Now we discuss the influence of the uncoincidence of TLS transition frequency and NP condensation frequency on the force acting on the TLS. So, now ω TLS − ω c is nonzero.
We show here that lacunas in the force take place for relatively wide range of the ω TLS − ω c . Necessary equations are derived in Appendix. We display in Figs. 6 the force oscillations corresponding to detuning between condensation and two-level system frequencies. In Fig. 7 we show E TLS . As follows the frequency detuning affects quantitatively on the lacunas however our qualitative picture of lacunas nature remains stable.
E. Entanglement entropy
It is rather interesting to investigate the behaviour of the entanglement entropy for NP-TLS system: S = − Tr(ρ TLS log ρ TLS ),
where ρ TLS = Tr NP (ρ). In Fig. 8 we show the dependence with distance of the entanglement entropy for multipole-NP-TLS system. It follows that entanglement entropy does not have pronounced fitches where the force has. Increase of the entropy at moderated distances can be explained by "turning on" more and more multiple plasmonic modes when the distance becomes smaller and smaller. However it is not clear why at small distances where the force shows the lacuna-fitches the entropy decreases. More detailed investigation of this question we leave for the force coming paper.
IV. CONCLUSIONS
The future directions following what we have shown here are interesting and numerous. The question about the dissipation addressed above requires further clearing up taking into account the l-dependence of the relaxation times. Next, it follows that if the TLS and NP would move with large enough relative velocity v then LandauZener transitions between the quasidegenerate levels are expected to contribute the force. So F = F (v). This situation can be relevant in colloids. We considered above only adiabatic regime with v → 0. Another question that arises is how the force modifies if the plasmon nanoparticle interacts with many molecules.
To conclude, we investigate strong nonmonotonic behaviour of the optical force between the plasmonic nanoparticle and two-level system with distance. We show that the force strongly grows at moderate distances within short distance intervals. We uncover the nature of the force nonmonotonic behaviour and find that it is mediated by quantum fluctuations and continuum of multipole plasmon resonances of ultra high degree.
